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Abstract

Let f be a map from V(G) to {0,1,...,k — 1} where k is an integer, 1 < k < |V(G)|. For each edge uv assign the label
f(w)f(v)(mod k). f is called a k-product cordial labeling if [v¢(1) —v¢(j)| < 1, and le¢(i) —ef(j)| < 1, 1,j €{0, 1, ...,k — 1}, where
ve(x) and eg(x) denote the number of vertices and edges respectively labeled with x (x =0,1,...,k—1). A graph that admits
k-product cordial labeling is called k-product cordial graph. We have already proved that several families of graphs admit
k-product cordial labeling. In this paper, we show that the splitting graph of star graphs admit k-product cordial labeling.
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1. Introduction and Terminology

All graphs considered here are simple, finite, connected and undirected. We follow the basic notations
and terminology of graph theory as in [3]. The concept of labeling of graph has gained a lot of popularity
in the field of graph theory. In 1967, Rosa [14] published a pioneering paper on graph labeling problems.
Since then, many graph labeling techniques have been introduced and studied by several authors (refer [2]).
Cordial labeling is one of the popular labelings defined by Cahit [1] in 1987: Let f be a function from the
vertices of G to {0, 1} and for each edge xy assign the label [f(x) — f(y)|. f is called a cordial labeling of G if
the number of vertices labeled 0 and the number of vertices labeled 1 differ by at most 1, and the number of
edges labeled 0 and the number of edges labeled 1 differ at most by 1. Followed by this, in 2004 Sundaram
et al. [15] introduced a variation of cordial labeling called product cordial labeling: Let f be a function
from V(G) to {0,1}. For each edge uv, assign the label f(u)f(v). Then f is called product cordial labeling
if [ve(0) —ve(1)] < 1 and |ef(0) —ef(1)] < 1 where v¢(i) and e¢(i) denotes the number of vertices and edges
respectively labeled with i(i = 0,1). Several papers have been published on this topic.
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Later in 2012, Ponraj et al. [13] further extended the concept of product cordial labeling and defined
k-product cordial labeling as follows: Let f be a map from V(G) to {0,1,...,k — 1} where k is an integer,
1 <k < |V(G)|. For each edge uv assign the label f(u)f(v)(mod k). f is called a k-product cordial labeling
if ve(i) —ve(j)l < 1, and lef(i) —er(j)| < 1, 1,j €{0,1, ...,k — 1}, where v¢(x) and e¢(x) denote the number
of vertices and edges respectively labeled with x (x =0,1,...,k—1). A graph that admits k-product cordial
labeling is called k-product cordial graph. We have already proved that several families of graphs admit
k-product cordial labeling. The concept of k-product cordial labeling and the work of the authors in [13],
motivated us to do further research on this topic. Consequently in our research, we established that the
following families of graphs admit k-product cordial labeling: union of graphs [4]; cone and double cone
graphs [5]; Napier bridge graphs [6]; product of graphs [7]; powers of paths [8]; fan and double fan graphs
[9]; the maximum number of edges in a 4-product cordial graph of order p is 4[%} L%J + 3 [10] and
path graphs [11]. Jeyanthi et al. [12] already proved that the splitting graph S’(Ky ) is a 3-product cordial
graph. In this paper, we show that splitting graph of star graphs admit k-product cordial labeling for k > 4.

We use the following terminology to prove our main results. The splitting graph S’(G) of a graph G is
a graph obtained by adding a new vertex v/ to each vertex v of G such that v’ is adjacent to every vertex
that is adjacent to v in G. A bipartite graph is a graph whose vertex set V(G) can be partitioned into two
subsets Vi and Vs such that every edge of G joins a vertex of Vi with a vertex of V,. If every vertex of Vi
is adjacent with every vertex of Vo, then G is a complete bipartite graph. If [Vi| = m and [Vs| = n, then
the complete bipartite graph is denoted by Ky n. The graph Ky, is called a star graph. An illustration of
S’(Kj 4) is shown in Figure 1.

up Lib) us Uy

Vl 4

v

Figure 1: Splitting graph of star graph Ky 4

2. Main Results

Theorem 2.1. The graph S’(Klyn) is k-product cordial for n > % where k is even and k > 4.

Proof. Let the vertex set and the edge set of S’'(Kin) be V(S'(Kin)) = {u,v,ui,vi ; 1 <1 < n}and
E(S'(Kin)) ={(w,ui) ; 1 <i<n} U {(v,vi); 1 <i<n}U {(u,vi); 1 <i< n}respectively. We have the
following four cases.

Define f: V(S'(Kin)) = 1{0,1,2, ...,k —1} for k > 4 as follows:

Case (i): If n = 0(mod k), then

f(u) =1, f(v) =k—1, f(ui) = i(mod k) and f(vi) =i(mod k) for 1 <i < n.

Case (ii): If n = k—1(mod k), then

flu) =1, flun_1) =0, f(up) =2, f(v) = k—1, f(vh_1) =0, f(vh) = 1, f(uy) = i(mod k) and f(v;) =
i(mod k) for 1 <1< [¢]k.

Fori=[¢#|k+j;1<j<k—-3,

fluy) =j+1 and f(vi) =j+2.

Case (iii): If n = x(mod k); 1 < x < ¥ —1, then
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For i=%k([}]—

k

s ifj=k—3
f(ul){ g 1f;:k—2

k—1—12 ifjis even.
Fori=k([%]—1)+2x+j; 1 <j<n—(k([2]—1)+2x),
f(ui)—{ 0 ifj=k—2

M g e s
f(ui):{ 1+ ifjisodd

1 ifj=k—1.
fus) = k—1—1EL i jis odd
Yl 14 if j is even.

Fori=k([}]—1)+j;1<j<k—=3, f(vi) =j+1.
For i=k[}|—3+j;1<j<n—(k[}]—3),
k—1 ifj=1,4

B 1 ifj=2,5
fvi) =9 if j =3,6
koogfj=r.
k_1=6 ifiis even
Ifj > 8, then f(vi) ={ 2 2, . )
j = 8, then f(vy) { K47 ifj is odd.

Case (iv): f n =k —x(mod k); 2 < x < %, then

f(u) =1, f(v) =k—1, f(ui) = i(mod k) and f(vi) = i(mod k) for 1 <

Fori=k|F]+j;1<j<k—2x,
1+ ifjis odd
k—1—1% ifjis even.
Fori=k[¥]+k—2x+j; 1 <j <x,
1+ 3L ifjis odd
k—1—1% ifjis even.
Fori=k|¢|+j;1<j<4

fluw) =

fluy) =

0 ifj=1

1 ifj=2
fvil =9 14 if;:3

X if j = 4.
Fori=k[¥]+4+j;1<j<n—(k[]+4),
fw) = §F7 ifjisodd

53 if j is even.
From the above cases, we have
fornzx(modk)x—f—lork—l ve(i) = 222 for 0 <i< k—1.
Ifn=x(mod k); 0 <x < = —2, then

. LMJH if1<i<x+1,k—(x+1)<i<k—1

"fm_{ L2“k+2j ifi:Oorx+2<i<k—(x+2).
Ifn=(s+x)(modk); 0 < f—2andk>4,then

2“+2J+1 1f1 <x+1, k—(x+1) <i<k—1
2“+2J 1f1—00rx+2<1<k—(x+2).
Ifk= adn—2mod4) then

|+2 ifi=1,2
|+ 1 otherwise.

<i<k(lgE)-1).

i<kl

.

|3
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Case 1: If n = 0(mod k), then ef(i) = 3% for0 <i<k—1
Case 2: If n = k— 1(mod k), then
n er - _
ey { BlEI+2 Hi=Tk—1k—2
3[§] +3 otherwise.
Case 3: Ifnzx(modk);1<x<L%J;k>4,thenforx:1
. 3L —1)+4 ifi=1,2k—2
ef(i) = X '
3([§] —1) +3 otherwise.
for k =4 and x = 1, then
o) = BUEI-D+4 i#1=0,1,2
T 3([R] —1)+3  otherwise.
for k =6 and x = 2,
er(1) =3([F] —1D+40<i<5,
for k > 6 and x = 2,
. (D) —1)+4 ifi=123k—1k—2k—3
t(i) = 1) .3

3([§] =1 +3 otherwise.
for x = 3,
efm:{ B(|%)—1)+4 ifi=0,1,2,3,4,k—1,k—2k—3k—4
3([§] =1 +3 otherwise.
for4<x<L%J and x is odd,
B[R] —1)+4 ifi=01k—1,2k—2,...x+1,k—(x+1),
er(i) = 55 tLs =1L, 5— (5 -25+(3]-1)
3([§] —1) +3 otherwise.
for4<x<L%J and x is even,
3D —1)+4 ifi=01k—1,2k—2, ,x+1,k—(x+1),
ef(i){ ‘5,‘5+17—1 g+(§—2,g—(g—2)
3([£] =1 +3 otherwise.
Subcase 1: If n = x(mod k) where k = 0(mod 3), ij +1<x< %— 2 and x is odd,
3([R)-D+5 ifi=fk+2k—(5+2),5+3k—(5+3),..,x+1,k—(x+1),
ef(i)z{ %HL%J71),%*(L%J*1)7~~~7%*(L%J*2)7%+(L%J*1)
3(l%]—1)+4 otherwise.
for L%J—i—léng—land)useven
3[R -1)+5 1f1—5+2k (k+2), k43, k—(X+3), ., x+1k—(x+1),
ef(i)z{ s+ -D 5= (§] -1, 5+ (32,5 - (5 -
3([%]—1)+4 otherwise.

Subcase 2: If n = x(mod k) where k = 0(mod 3), x —1 and x is odd,
3[R -1 +5 lfl—i+2k—(%+2),3+3k (X4+3), .., x,k—x,x+1,0,
k k

+(s] -1 (Ls) =D, 5= (3] -2, 5 +(13]-D
3R] —1+4 otherw1se

for x = ¢ —1 and x is even,
3([}]-1)+5 lfl:?(+2k (5+2), 543, k—(5+3),..,x,k—xx+1,0,
er(i) = (L% -1, 5~ (1% -1,... k+(3-2,5-(5-2

3l -1 +4 otherwme
Subcase 3: If n = x(mod k) where k = 1(mod 3), x = L%J +1,
ey = BRI -1 +5 i i=xt Lk (x+1),
3([§] —1) +4 otherwise.
Subcase 4: If n = kX _ 2 and x is odd,
(

S 2
|+3),x+1,k—(x+1),
-2, 5+(131-1)
1)+4 otherwise.

3
€f(l):{ 2"‘(|_ LkJJ)vg U—%
+
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er(i) = {

Subcase 5:

B(LR)—D+5 ifi=[5]+2k— (15 +2),[5]+3k— (5] +3),...x.k—x,x+1,0,
= S+ (51505 — (51D, - 5= (3] -2), 5+ (5] - 1)
3([g]—1) +4 otherwise.
for x = X —1 and x is even,
2
(1”1 +5 1f1*Lkgj—aZl,rk—“()L%kj+(2L)1,§JJ—0)—3,kk—(L(§J+23)),].<..,xEk x,)x+170,
= =4+ (sl s —(|5]= R X _ , 5 — X _
3R] -1 +4 otherWZise. o ’ o S :
Subcase 6: If n = x(mod k) where k = 2(mod 3), x = | ¥| +1,
- 3
B[R] - +5 ifi=k—([5]+2),
_{ 3([F]—1)+4 otherwise.
Subcase 7: If n = x(mod k) where k = 2(mod 3), L§J+2<x§ %—2 and x is odd,
B -1 +5 ifi=k—([5]+2),[§]+3,k—([5]+3),.x+1,k—(x+1),
= Y=L -0 5+ (550D, 5 =53] -2, 5+ (3] -1
3([%]—1)+4 otherwise.
for | 5 +2<x< ¥ —2and xis even
3 ~ ~X 2 9
3(IRI-1D+5 ifi=k— (15 +2), |5/ +3,k—(|5]+3), ..o x+Lk—(x+1),
= 5B -D 3+ BB 5+ G -2 5 - (-2
3([g]—1) +4 otherwise.
Subcase 8: If n = x(mod k) where k = 2(mod 3),X=% 1 and x is odd,
B[R] -1 +5 ifi=k—([5]+2),[5]+3,k—([5¥]+3),...x,k—x,x+1,0,
HB)—1) 44 oth %*(%L%JJ*1)75HL%L%JJLW%*(L%J*2)7§+(L%J*1)
—1)+ otherwise.
forx—g 1 and x is even,
B(R)-D+5 ifi=k—([¥]+2),[5]+3,k—([5]+3),...x,k—x,x+1,0,
= 5=zl =D 5+ (zl51) - 5+ (3 -2, 5 - (5 -2)
3(l¥] =1 +4 otherwise.
Subcase 9: If k = 8 and n = 3(mod 8), then
3R] =D +5 ifi=0
_{ 3([F] —1)+4 otherwise.
Case 4: f n =k —x(mod k); 2 <x < L%J and x is odd, then
(1R +2 1f1_‘2<,‘2<~|—1 ok (x—2), k- (x—2),
0,k— 1,1,k—2,2,...,(L§J—l—l),k—([%J+2)
3([¢£])+3 otherwise.
for 2 < x < L% and x is even,
0,k—1,1,k—2,2, .. k— (3 +1),%+1
3([%])+3 otherwise.
Subcase 1: If n = k —x(mod k) where k = 0(mod 3), L%j—i—lgxg%andxis odd,
31BN +1 ifi=kp(konk (kK kk ko ki(x—2),k—(x-2),
er(i) = " ) k= (k1 +2), (LE]+2), 0 (L5 + D,k — (3] +2
3([%])+2 otherwise.
for | 5 +1<x< ¥ and xis even
3 ~ ~X 2 b
= k—=(l§]+2), (L§] +2), k= (5 +1), (3 +1)
3(L§))+2 otherwise
Subcase 2: If n = k —x(mod k) where k = 1(mod 3) and k > 4, x = | ¥| +1,
_ [ 80D+ ifi=F+ (15 -0, 5 (15 -1)
3([%)) +2 otherwise.

(1B —-1)+5 1f1:L%j+2,k—(L§j+2),L§J+3,k—(L§J+3) Sx+1,k—(x+1),
D - (5D, 5+ (B2 5 - (3-2)

3(l%] =1 +4 otherwise.
If n = x(mod k) where k = 1(mod 3), x = ¥ —1 and x is odd,
2 +3,k



K. Jeya Daisy, R. Santrin Sabibha, P. Jeyanthi and Maged Z. Youssef, Commun. Combin., Cryptogr. &
Computer Sci., 1 (2024), 68-80 73

Subcase 3: If k =4, n = 2(mod 4), then

BN+ ifi=1,3
erli) = { 3([E])+2 otherwise.
Subcase 4: If n = k—x(mod k) where k = 1(mod 3), L§J+2<x<
BN+ ifi=5+ (15—, 5 (15—, 5+ 5,55,
ef(l) — ) +( 2)7%_()(_2)7
k*(L%LgJJ+3 (L3LE+3) s (1B + 1 k= (5] +2)
3(L%])+2 otherwise.
for [¥]+2 < x < ¥ and x is even,
BLRN+1 ifi=5+ (15 -1, k(15 -1, 5+ 155 (15D,
er(i) = e B (x—2), K —(x—2),
k= (1151 +3) (515 +3), . k= (3 +1), (5 +1)
3(L%])+2 otherwise.
Subcase 5: If n = k —x(mod k) where k = 2(mod 3), x = [ ¥ +1,
1=k k| _
o= [ BUED+L Hi=Er (k] -,
(%)) +2 otherwise.

and x is odd,

w\(—\‘

STy

Subcase 6: If n = k —x(mod k) where k = 2(mod 3), %J +2<x< % and x is odd
B[R +1 ifi= 2+ (15]- 1) (15D, 5+ 18], 5 —(x—2), 5+ (x~2),
= bL%JJ 2),k— (13151 +3). (315]) +3),
ef(i) X ?

S+ k= (13
3l +2 0therw1se

for [¥]+2 < x < ¥ and x is even,

_ BURN+1 ifi=5+(5) -0, 5—(5), 5+ (5], 5~ (x—2), 5+ (x—2),
er(i) = (L3150 +2 k= (515 +3), (1315 +3), o k= (G + 1, (5 +1)
3(L§])+2 otherwise.

Therefore, we have [v¢(i) —v¢(j)| < 1 and |ef(i) —ef(j)] < 1 for all 0 < 1,j < k— 1. Hence, the graph
S’(Kyn) is k-product cordial for n > % where k is even and k > 4. O

An example of 8-product cordial labeling of S’(Kj 19) shown in Figure 2.

Figure 2: 8-Product cordial labeling of S’(K1,10)

Theorem 2.2. The graph S’(K; ) is k-product cordial for n > | % # Where k is odd and k >
Proof. Let the vertex set and the edge set of S’(K;n) be V S Kin)) = {u,v,uq,v;i ; 1 < i < n} and

E(S'(Kin)) ={(w,ui) ; 1 <i<n} U {(v,vi); 1 <i<n}U {(u,vi); 1 <i<n}respectively. We have the
following four cases.

Define f: V(S'(Kin)) = {0,1,2, ...,k —1} for k > 4 as follows:

Case (i): If n = 0(mod k), then

f(u) =1, f(v) =k—1, f(u;) = i(mod k) and f(vi) =i(mod k) for 1 <i < n.

Case (ii): If n = k—1(mod k), then

f(u) =1, flun_1) =0, f(un) =0, f(v) =k—1.
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f(ui) = i(mod k) and f(vi) = i(mod k) for 1 <1< [§]k.

Fori=[J]k+j;1<j<k—=3, flw)=j+1
Fori=[}]k+j;1<j<k—1,f(vi) =j.
Case (iii): If n = x(mod k); 1 < x < L%J,then

flu) =1, f(v) =k —1, f(u;) = i(mod k) and f(vi) =i(mod k) for 1 <i <k (|3]—1).

For i=Xk([}]—1)+j;1<j<2x,
[0 ifj=2[¥-1
f(ul)_{ 1ifj =25,
k—1—11 i jis odd
142 if j is even.
Fori=Xk([}]—1)+2x+j; 1 <j<n—(k([}]—1)+2x),

{
U1 e
{

flui) =

Fud =11 fjok—1.

k—1—21 ifjis odd
f(u) = i o
1+ if j is even.
For i =%k (LYJ—1)+;, <j<k—3, flvi) =1+j.
For i =k L%j—3+],1<]<n (k[ %] —3),

k—1 ifj=1,4
flvy) ={ 1 ifj=2,5
0 if j = 3, 6.
: X +1—-152 ifjis odd
If j > 7, then f(vi) = 2 )
) en flvi) { LKJ + Q if j is even.
Case (iv): If n = k—x(mod k); 2 < x < | ¥], then
flu) =1, f(v) =k—1, f(u) = 1(mod k) and f(vi) = i(mod k) for 1 <i<k[F].

For i=k[¥]+j;1<j <2, flu) =0.
For i =k[{] +2+j; 1 <j <2([%] —x),
f(u.):{ 1+ 35 ifjis odd
' k—1—1% ifjis even.
For i=k[E|+2+2([5] —x)+j; 1 <j<n—(k[F] +2+2([ 5] —x)),
f(ui):{ 1+ ifjis odd
k—1—1% ifjis even.

' ) 1 ifj=1
okl S1<i< i) = :
For 1 kLkJ—l—),l\]\Q,f(Vl) k—1 ifj=2.
For i =k[R]+2+j; 1 <j<n—(k[}]+2),
we) |51+ 5+ ifjis odd
i L%J‘f‘l_% if j is even.

From the above cases, we have
for n = L%J (mod k),

L B+ ifi=1
me_{ 2082 fi=Qor2<i<k—L
n = x(mod k); 0 <LJ 1, then
veli) = L2“+2J+1 ifl1<i<x+1, k—(x+1)<i<k—1
LZ“”J ifi=0orx+2<i<k—(x+2).

If n =k—1(mod k), thenvf(l):MforO i<k—1.
Ifnz([%j—i—x)(mod k); 1 gL | —1, then
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n+2 if 0 <i< —x<i<k—
vf(i):{ S +1 ifo<i<x, k—=x<i<k—1

| 2nt2 | ifx+1<i<k—(x+1).
Case 1: If n = 0(mod k), then ef(1) = 3“ for0 <i<k—1
Case 2: If n = k—1(mod k), then

. 3 +2 ifi=0,1,k—1
er(i) = { 3&} +3 otherwise.
Case 3: f n =x(mod k); 1 <x < L%J, then for x =1
er(i) :{ (1] -1 +4 ifi=1,2,k—2

3([§] —1) +3 otherwise.

for x = 2,
er(i) = gl —D+4 ifi=1,2,3k—1,k—2,k—3
A 3([%)—1)+3 otherwise.
for x = 3,
er(i) = Mgl -1 +4 ifi=0,1,2,3,4k—1,k—2,k—3,k—4
T 3([R] —1)+ 3 otherwise.
for 4 < x < L%J and x is odd,
([N -1)+4 ifi=0,1%k—1,2k—2,. x+1,k (x+1),
ef(i) = (%1,%1*1 51+, 51+ (13 -2, (51— (3] -1
3(l%] =1 +3 otherwise.
for 4 <x < [¥] and x is even,
B[R] —1)+4 ifi=0,1,k—1,2k—2, ., x+1,k—(x+1),
er(i) = ST TS = LTS+ 1o 51— (3 —2), 751+ (3 —2)
3([%]—1) +3 otherwise.
Subcase 1: If n = x(mod k) where k = 0(mod 3), L%J +1<x< L%J —1 and x is odd,
(%] -1)+5 ifi:‘§+2k (5+2), k43, k—(5+3), ., x+1,k—(x+1),
er(i) = 51+ (L& -0 51— Ls ). [51+ L&),
T . JzH(L%J—?H%F(L%J—U
3([g]—1)+4 otherwise.
for [¥]4+1<x < |¥]—1and x is even,
3R] -1)+5 ifi=%+2k—(5+2), 5 +3k—(5+3), ., x+1Lk—(x+1),
er(i) = 51+ (8-, 51— L§ ). [51+ L8],
51 -2),[§1+ (53 -2
3(l¥]—1+4 otherwise.
Subcase 2: If n = x(mod k) where k = 0(mod 3), x = L%j and x is odd,
(1B —-1)+5 ifi:‘§+2k (542, 5+3,k—(5+3),...,x,k—x,0,1,
er(i) = [57+( [%J—l,%]—L%JJg%LLIéJ,
TN . ~[%1+(L%J—2H%1—(L%J—1)
3([g]—1)+4 otherwise.
for x = | X | and x is even,
LQJ?,(H;J—1)+5 ifi=k+2k—(5+2),5+3k—(5+3),..,x,k—x,0,1,
s [51=(5-2),[5]1+(5—2)
3l —1)+4 otherwise.2 ’ ’ ’
Subcase 3: If n = x(mod k) where k = 1(mod 3) and k > 7, x = L%J +1,
o BRI -0 +5 =5 +2,k— (5] +2),
ef(l) n :
3([§] —1) +4 otherwise.

Subcase 4: If n = 3(mod k) and k =7,
(%] —1)+5 ifi=0,1

er(i) 3(|%] —1)+4 otherwise.

Il
r—’%

Subcase 5: If n = x(mod k) where k = 1(mod 3), |¥] +2 <x < [5¥] —1 and x is odd,
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(1B —-1)+5 1f1:L§<J+2,k—(L§ +2), [ 5] +3,k—([5]+3),.ox+1,k—(x+1),
ee(i) = 51+ (L35 -0, 51 - (351D TS+ (L3 L5 1D,
51+ (151 -2), T51- (13 - 1)

3([®]—1)+4 otherwise.
for [¥]+2<x< 51 andxiseven
3|2 —1)+5 ifi=] +3),x+ 1L k—(x+1),

|
), 51+ LQL 1,

=3

,_

N\H
—_

=
[
f—
—

er(i) =

3l —1)+4 0therw1se

Subcase 6: If n = x(mod k) Where k =1(mod 3), x = L%J and x is odd,
3R] —1)+5 ifi= [ +2,k—([%]+2), [X]+3,k—(|5]+3),...x,k—x,0,1,
- ri (L5 =1, 51— (1415 ))
ef(l) — 2 i; ’ k2 X2 3 ’
vy |—§1 + (ij _2)7 ’—51 - (l.jj - 1)

3([g]—1)+4 otherwise.
for x = L%J and x is even,

3R] -1 +5 ifi:L%J+2,k—(L§J+2)7L§J+37k—(L%J+3)»-~,X,k x,0,1
ecli) = [§1+([%[§ Jfl){(f%W — (L5151, 51+ (L5L51D),
(51 -(53-2), 51+ (-2
3l —1)+4 otherw1se
Subcase 7: If n = x(mod k) where k = 2(mod 3) and k > 5, x = L%J +1,
er(i) = 3(L%J 1)+5 ifi:[%H(L%L%JJ—l),
f 3([§] —1)+4 otherwise.
Subcase 8: If n = 2(mod k) where k = 5,
B[R] D +5 ifi=1,
ef(l)_{ () -1 +4 otherwise.
Subcase 9: If n = x(mod k) where k = 2(mod 3), L%J +2<x< L%J —1 and x is odd
(1R -1)+5 ifi:L%(J—f—Zﬂ; k(L§J+3),L§ 4k — (¥ +4), . x+ 1, k—(x+1)
o 1314+ (L3 L5)) =1, (51 = (131 5)),
el TS -2 TE - (15 - 1)
3] -1 +4 0therw1se
for [¥]+2<x < |¥]—1and x is even,
BB -1 +5 ifi= ¥ +3k—(|¥]+3), %] +4,k— (%] +4),
Sx+1,k—(x+1),
ef(i) = [ ]+ (LzL51 =D, 51— (L5151,
5 - (-2, K1 (5-2)

(Ig]—1)+4 otherwise.
Subcase 10: If n = x(mod k) where k= 2(mod 3), x = L%J and x is odd,
5

. L5151+ (LBL51D,

erli) = b P Y R

3l —1)+4 otherwise.
for x = L%J — 1 and x is even,

3R] -1 +5 ifi:L%J+3,k—(L§J+3)7L§J+47k—(L%J+4) X, k—x,0,1,
ecli) = 31+ sLSI-0, 151 - (515D,

e [51=(3-2), 51+ (5 -2)

3([®]—1)+4 otherwise.
Case 4: fn =k —x(mod k); 2<x < L%J and x is odd, then

B(LRN+2 =[5 15+ L5 -1 5]~ (x=2), [5] + (x—1),
er(1) = 0,k—1,1,k—2,2,. k (L%J—i—l),([%J—l—l)

(L&) +3 otherwise.

3
for 2 < x < L%J and x is even,

(RN +2 ifi= 5L [5]+1,[5] =1, [§] - (x=2), [§] + (x—1),
er(i) = 0,k—1,1,k—2,2,.... 5 k—(5+1)

3([%]) +3 otherwise.
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Subcase 1: If n = k —x(mod k) where k = 0(mod 3), L%J +1<x< L%J and x is odd,
_ BLEN+1 ifi=[5]—(5-1, 5]+ 5 5] % [5] - (x=2), 5]+ (x—1),
er(i) = k— (k] +2), ([§]+2), o k= (3] + 1), (3] + ),
3(L%])+2 otherwise.

for [¥]+1<x < %] and x is even,

_ BURN+L ifi= 5]~ (5-1, 5] +5, 5] %, . [5] - (x—2), [5] + (x-1),
er(i) = k= (L§]+2), (L§] +2), 5 k= (5 +1)
3(L§))+2 otherwise.
Subcase 2: If n = k—x(mod k) where k = 1(mod 3), x = L%J +1,
f 3([%)) +2 otherwise.
Subcase 3: If n = k—x(mod k) where k = 1(mod 3), L%J +2<x< L%J and x is odd,
B([E)+1 ifi= ¥ LIS = L5 L5 = c—2), 5]+ (x— 1),

%L%an
k—([515]]+2)
|)+2 otherwise.
|¥] and x is even,

B[R +1 ifi:L%J—(LéJ—lLL%HL .
k—(lzls)+2), (13L5]) +2), 0 3 k= (3 +1)

3(L%])+2 otherwise.
Subcase 4: If n = k—x(mod k) where k = 2(mod 3) and k > 5, x = L%J +1,
ey = | BRD+1 ifi=k—([31%]]+2),
f 3(l%)) +2 otherwise.
Subcase 5: If n = k—x(mod k) where k =5, x = 2,
L 3([B) 41 ifi=2,3
erli) = { 3([EF])+2 otherwise.
Subcase 6: If n = k —x(mod k) where k = 2(mod 3), L%J +2<x< L%J and x is odd,
BUEN+1T ifi=L5]— L5 5]+ (5] + 1, 51 - (L5 + 1),
k= (51500 +2), 315+ 2, k= (3] + 1, (15) +1)
3(L%])+2 otherwise.
for [¥]+2<x < %] and x is even,
BIRD+1 ifi=[5]—15L15 + (5 + 1, 15— (5] +D),
ef(i) — (X3} L%J - (X—Q), L%J + (X_ 1)7
k=151 +2. (515 +2),. 5. k= (3 +1)

3(L%])+2 otherwise.
Therefore, we have |[v¢(i) —ve(j)l
S’(Kyn) is k-product cordial for n

\GRA
—
|~

| where k is odd and k > 4.

An example of 15-product cordial labeling of S’(Kj 11) is shown in Figure 3.

and lef(i) —ef(j)] < 1 for all 0 < i,j < k—1. Hence, the graph

O]
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Figure 3: 15-product cordial labeling of S'(Kj 11)

Theorem 2.3. The graph S’(K; ) is k-product cordial if and only if n >

|[¥]—1ifk=1,0 (mod 3) for k=4,6 and k > 8 and [¥] <

Proof. From Theorems 2.1 and 2.2, the graph S’(Kj ) is k-product cordial if n >
Fork>51<n<[¥]-1ifk=1,0(mod3)and 1 <n<[¥]—-1if k=2 (mod 3).
For k is even and 1 <1< n, we a551gn f( J=1,f(v)=k—1, f(u1) =0, f(up) =

Sl ifiis odd
For 3 <i< n, we assign f(u;) = { k—% i1 is even.
For k is odd and 1 < i < n, we assign
flu) =1, f(v )_k—l, f(ul) =0, and f(vi) = [ ¥] +1
LR | if i is even
pu— 2 s
For 2 < i< n, we assign f(u) = { k—l—% 1 is odd.

From the above labeling pattern, we have
for n =1 and k is even,
. { 1 ifi=1,k—1,0,%+1
ve(i) = . 2
0 otherwise
for n =2 and k is even,
veli) = 1 ifi=1,k—1,0, % %+1,%4+2
0 otherwise.
form>3,n and k are even,
1f1—0, ‘;,1,k L,2,k—2,.., % k-2,
41, ’5+2,...,§+n
0 otherwise.
for n > 3, n is odd and k is even,

{ ifi=0,%1,k— 12,k—2,...,k—L%J,L
1

o3
+
“?—‘

727 )
E+1L,54+2,.,54n
0 otherwise.
and k is even,
1f1_0,‘<+1,§—1
{ otherwise
forn=2 andkls even,
lfl_o,‘g,‘gﬂ k_1,k42 k2
{ 0 otherwise.

For n =

forn>3,n and k are even,
1f1_0,§,2k 2 2 k-1,
K k k k
2+1 §+ 5—2,.,5"‘“,5—11

0 otherwise.
for n > 3, n is odd and k is even,

> 4 except L%J <n
n< ¥ -lifk=2 (mod3) for k > 8.

% and f(vi) = §+i.
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1 1f1_0,’2<,2k 2, k=3, 5] +1,
er(i) = Kt k-1, 42 k-2  Kink-n
0 otherwise.
For n =1 and k is odd, .
o 1 ifi=1,k-1,0,|5]+1
Vf(l)_{ 0 otherwise
forn > 2, nandkare odd,
1f1—0,1,k 1,2,k—2,..,|
541,15 42,0 (5
0 othervvlse
for n > 2,n1s even and k is odd,
1f1—0,1,k 1,2,k—2,...k— 5,5 +1,
5T+ 1, 15 +2, ., 15 +n
0 otherw1se
For n =1 and k is odd,
1 ifi=0, L I [5]+1
0 otherwise
for n 2,n and k are odd,
1f1—02k 2,3,k—3,..., |5
SIS+ L ) =L L)+ 2 L — (=1, L) 4
0 otherw1se
forn > 2,nls even and k is odd,
ifi=0,2,k—-2,3,k—3,....k— 5,5 +1,
51 L5141 ) -1 L5 2 5] - (=1, (5] +n
0 otherwise.

Therefore, we have |[v¢(i) —v¢(j)| < 1 and |ef(i) —ef(j)] < 1 for all 0 < 1,j < k— 1. Hence, the graph
S/(Kyn) is k-product cordial if n > L%J, 1<n< L%J —1for k=1,0 (mod 3)and 1 <n < [%W —1 for
k =2 (mod 3).
Now for k = 7 and n = 2, we assign f(u) =4, f(v) =1, f(u) =0, f(us) =5, f(v1) =2 and f(vy) = 3. From

. . . 0 ifi=6
this labeling, we have v¢(i) = { 1 otherwise

L[ 0 ifi=4 . , , ,

and ef(i) = { 1 otherwise for 0 <1< 6. Hence, the graph S’(K;2) is 7-product cordial.

Conversely, we assume that the graph S’(K; ) is k-product cordial if L%J <n < L%J — 1 where k =
1,0 (mod 3) for k > 4 except 7 and [¥] < n < |¥]—1 for k = 2 (mod 3) where k > 8. From this
hypothesis, we have v¢(i) = 1 or 0, ef(i) = 1 or 0 if n = L%J or [%] and ef(i) = 1 or 2 if L%J +1 <
n< (¥ —1or [%l +1 < n < [¥]—1. Without loss of generality, we assign 1 and k—1 to the vertices
u and v respectively. Also, we assign {0, 2,3, ...,k — 2} to the remaining vertices u; and vi. Now, we have
ef(1) = ef(k—1) = 0, which is a contradiction. Therefore, the graph S’(Kj ) is not k-product cordial if
L%j <n < L%J — 1 where k = 1,0 (mod 3) for k > 4 except 7 and (%] <n < L%J —1 for k = 2 (mod 3)
where k > 8. Hence, the graph S’(K; ) is k-product cordial if and only if n > 1 and k > 4 except
¥/<n<[¥]—-1ifk=1,0(mod3)fork=4,6 andk >8and [¥] <n < [¥] —1if k=2 (mod 3) for
k > 8. O

An example of 18-product cordial labeling of S’(K; 5) shown in Figure 4.
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